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We study the hypermultiplet moduli space of the type II string compactified on a Calabi- 
Yau space X. We do this by using IIA/IIB duality in a compactification of the same theory 
on X X S"*" and by using recent results on three dimensional field theory. 
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The moduli of the type II theory compactified on a Calabi-Yau space X are in hy- 
permultiplets and vector multiplets of = 2 supersymmetry. The moduli space has a 
product structureB Ti x V. Ti is a quaternionic manifold and V is a special Kahler mani- 
fold. Since the dilaton is in a hypermultiplet, it appears only in 7-^ and not in V. Therefore, 
V is determined exactly in the classical theory. Ti. on the other hand can receive quantum 
corrections. 

Strominger's resolution of the conifold singularity left open the question of the 
behavior of Ti. near a conifold point and in particular the question of whether the space is 
singular or not. It was suggested in that non-perturbative effects - string instantons - 
smooth out the singularity. It became immediately clear that this question is intimately 
related to the behavior of the theory after compactification on another circle to three 
dimensions 

Recently the compactification of such J\f = 2 field theories from four to three dimen- 
sions was analyzed [Q. The Coulomb branch of the moduli space of the four dimensional 
theory, V, becomes in the three dimensional theory a hyper-Kahler manifold V. Con- 
sider for simplicity the case where V is one complex dimensional. Then it is a base of an 
SL{2,Z) vector bundle 0. V is the four real dimensional vector bundle with the same 
complex structure. The Kahler form of the fiber scales as the inverse of the radius R of the 
compactification and that of the base scales as R so that the volume form is independent 
of the radius. Equivalently, we can rescale the entire space and have a fiber whose volume 
is ^. 

Applying this to string theory, consider compactifying the type IIA theory on X with 
a moduli space 

M^^^ = nAX Va. (1) 

Upon further compactification to three dimensions on S"*" of radius Ra the moduli space 
become Ji 

M^2^ = nAX Va. (2) 

Locally, and in particular near conifold singularities, the field theoretic analysis of 
applies. The volume of the fiber torus is j^2^^ where Mp is the four dimensional Planck 



^ To get such a product structure one might need to consider a multiple cover of V or Ti. 

^ We are not sure that the moduli space is globally such a product (even if we consider multiple 
covers of TLa and Va)- Below we will need this fact only locally where field theory is valid. Then, 
the product structure follows from the fact that two different SU (2)'s rotate the complex structures 
of the two factors. 
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mass. In terms of the II A string coupling and the string scale Mg it is 

Now perform a T-duality transformation on the circle. This leads to the IIB theory 
compactified on X x S-*^ with radius and coupling 

Rb 



X — 

The moduli space of the IIB theory is 

xg) = nBX Vb. (5) 



By T-duality M^^^ = but 



-He =Va 

(6) 



For the three dimensional theory a convenient coordinate system on the space of \a 

MsRa 



and Ra is \a and = xtr"- = Vb depends only on A^ and 'Hb = ^A depends only 



on \b- 

As Ra goes to zero, Rb goes to infinity and the IIB theory becomes four dimensional 
with moduli space 

Mf =Hb^Vb (7) 

where Vb is related to Vb as explained above. Therefore, all these moduli spaces are 
uniquely determined by Va and Vb- In particular, Hb easily constructed out of Va 
where the volume of the fiber is A^. 

Using this information we can easily conclude a few facts about the singularities 
in Hb- Near a simple conifold, Va has a singularity associated with a single massive 
hypermultiplet becoming massless The corresponding three dimensional theory is U{1) 
with one electron whose moduli space Va is smooth Therefore, Hb dX that point is 

smooth. If massive hypermultiplets become massless at a point in Va-, Va has an A^r-i 
singularity - it is locally Q"^ /Tj^. Therefore, T-Lb should also have such a singularity 
at that point. More complicated conifolds like those discussed in [0 can be analyzed in a 
similar way. 

Recently some of these results have been derived from a different point of view. 
The instanton corrections they compute have a simple interpretation in the four to three 
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dimensional language. They are simply the world line windings of the light hypermultiplet 
around the S-*^ 0]. 

To see this, we note that the metric for the U{1) field theories with N hypermultiplets 
is one loop exact. This fact can be derived as follows. If the gauge theory is Abelian, there 
are no magnetic monopoles in four dimensions and there are no instantons in the three 
dimensional theory. Therefore, there is no need to perform a duality transformation in the 
three dimensional Lagrangian. Writing it in terms of the U{1) gauge field, an argument 
similar to the one in four dimensions shows that only one loop corrections are possible. 
Therefore, l/e'^{z) = I/cq + NI{z) where I{z) is the one loop charge renormalization of 
one hypermultiplet of mass in the space R'^ x S"*^ 



liz) ~ ^ / d^p ^ r-, h const. ~ — + const. (8) 



R) ^ > n \ n^ + 



For simplicity we set other scalar vevs to zero. The (infinite) additive constant in (|^) 
corresponds to renormalization of I/cq. The function appearing in the metric for the 

2 

dualized photon is e'^{z) = and appears to have all order corrections. This is the 

origin of the positive mass Taub-NUT factors found in [Q. So all instanton effects come 
from the R dependence of I{z). For large R this dependence comes from the world lines 
of particles of mass winding around the circle / times, producing an effect of weight 
exp( y These effects can be isolated by Poisson resummation of (P). If (H) is cut 

off at mass M, e.g., by a heavy Pauli-Villars hypermultiplet, there will be additional R 
dependence of weight exp{—2%RlM) that signals the cutoff scale 0. 
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